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Abstract
Consider the Hardy-type operator T : Lp(a, b) → Lp(a, b),−∞a <b∞, which is deﬁned by
(Tf )(x) = v(x)
∫ x
a
u(t)f (t) dt .








where n(T ) stands for any of the following: the Kolmogorov n-width, the Gel’fand n-width, the Bernstein
n-width or the nth approximation number of T.
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The aim of this note is to improve and extend results from [1]. We obtain sharper estimates for
the approximation numbers an(T ) and also for the n-widths of T, where T stands for the weighted
Hardy-type integral operator T : Lp(a, b) → Lp(a, b), −∞a < b∞, which is deﬁned by
(Tf ) (x) = v(x)
∫ x
a
u(t)f (t) dt where u, v > 0. (1)
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We keep the notation from [1]. We recall that:
Deﬁnition 1. Let T : Lp(I) → Lp(I) be a bounded operator and n ∈ N.
(i) The Kolmogorov n-width dn(T ) of T is deﬁned by






‖T x − y‖Lp(I),
where the inﬁmum is taken over all n-dimensional subspaces Xn of Lp(I).
(ii) The Gel’fand n-width dn(T ) of T is deﬁned by





where the inﬁmum is taken over all subspaces of codimension n Ln of Lp(I).
(iii) The Bernstein n-width bn(T ) of T is deﬁned by
bn(T ) = bn(T (Lp(I)), Lp(I )) = sup
Xn+1
inf
T x∈Xn+1,T x =0
‖T x‖Lp(I)/‖x‖Lp(I),
where Xn+1 is any subspace of span {T x : x ∈ X} of dimension n + 1.
Ref. [2] gives us the following relation between the approximation numbers and n-widths:
an+1(T )dn(T ), dn(T )bn(T ). (2)
We now prove the ﬁrst essential lemma of this note.
Lemma 2. Let ε > 0, 1 < p < ∞ and let I = (a, b). If N := N(); then bN−2(T )ε.
Proof. From the deﬁnition of N(ε) we have that for i = 1, . . . , N −1, A(Ii) = ε. Let  ∈ (0, 1).
Then from the deﬁnition of A(Ii) we have, for each i = 1, . . . , N − 1, a function i ∈ Lp(I),
where ‖i‖p,I = 1, with support in Ii such that
inf
∈R ‖Ti − v‖p,Ii > A(Ii)ε.
Let XN−1 = span{T; = ∑N−1i=1 ii , i ∈ R}. Then we can see that rank XN−1N − 1.


















































and the lemma follows. 
From the previous lemma and [1, Lemma 2.6] the next inequality follows.
aN+1(T )εbN−2(T ) where N := N(ε). (3)
This with (2) give us
aN+1(T )εaN−1(T ) and N(T )εN−2(T ), (4)
where N(T ) stands for any of the following dN(T ), dN(T ) or bN(T ).
By [1, Lemma 2.7], (3) and (4) we have by techniques from [1]:
Theorem 3. Given v ∈ Lp(a, b), u ∈ Lp′(a, b) the operator T deﬁned in (1) satisﬁes
lim




where p = A((0, 1), 1, 1) and n(T ) stands for any of the following: bn(T ), dn(T ), dn(T ) or
an(T ).
Inequalities (3), (4) and Theorem 3 with techniques used in the proof of [1, Theorem 4.1] give
us the following theorem which is an extension of the main theorem from [1].
Theorem 4. Let −∞a < b∞ and I = (a, b). Let u ∈ Lp′(I ), v ∈ Lp(I) and suppose that






|u(t)v(t)| dt − n(T )n
∣∣∣∣ n1/2
c(p, p′)
(‖u′‖p′/(p′+1),I + ‖v′‖p/(p+1),I ) (‖u‖p′,I + ‖v‖p,(a,b))+ 3p‖uv‖1,I ,
where p = A((0, 1), 1, 1), c(p, p′) is a constant depending only on p and p′ and n(T ) stands
for any of the following: dn(T ), dn(T ), bn(T ) or an(T ).
In the next lemma we improve [1, Theorem 4.1].
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Proof. Take ‖T ‖ > ε > 0 and N := N(ε). Then we have the following partition: I = ⋃Ni=1 Ii ,





























i − v−,εi  |Ii |max
x∈Ii
|v′(x)| and u+,εi − u−,εi  |Ii |max
x∈Ii
|u′(x)| (5)





i |Ii |A(Ii) = εpu+,εi v+,εi |Ii |, (6)



















































































































































































































































which gives us −K(ε)εN − p
∫
I









Using limε→0+ (εN(ε)) = p
∫
I
































Lemma 5 and (2) with techniques used in [1] give us the following theorem:
Theorem 6. Let −∞a<b∞ and I = (a, b). Let u∈Lp′(I ), v∈Lp(I) and (v′/v), (u′/u) ∈


































where n(T ) stands for any of the following: an(T ), dn(T ), dn(T ) or bn(T ), and T is the Hardy-
type operator.







u(x)v(x) dx + O(n−2).
Remark 7. We have found that our method which is based on studying of behavior εN(ε) cannot
be improved beyond the second term.
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